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In this paper, we investigate the modified Geodesic Deviation Equation (GDE) in the framework
of f(R, T ) theory of gravity where R and T are the curvature scalar and the trace of the energy-
momentum tensor, respectively, using the FLRW background. In this way, we obtain the GR
equivalent (GDE) in f(R, T ) metric formalism. We also extend our work to the generalization of
the Mattig relation and perform the numerical analysis with GDE for null vector.
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I. INTRODUCTION
General Relativity (GR) is the physical theory of gravity formulated by Einstein in 1916. It is based on the
equivalence principle of gravitation and inertia, which establishes a fundamental connection between the gravitational
field and the geometry of the spacetime, and on the principle of general covariance. GR is the most widely accepted
gravity theory and it has been tested in several field strength regimes, but not the only relativistic theory of gravity
[1]. This theory explains the gravity as the curvature of spacetime. The relative motion of test particles is one of the
most important sources of information about the gravitational field and spacetime geometry. This motion is described
by the Geodesic Deviation Equation. It may be claimed that the GDE is one of the most important equations in
relativity, as this is how one measures spacetime curvature. This aspect has been discussed by Szekeres [2]. The
spacetime curvature described by the Riemann tensor manifests through the Geodesic Deviation Equation[3]-[5],
the relative acceleration of the test particles, also known as tidal acceleration. The signification of the equation of
geodesic deviation in relation to the relative acceleration and tidal forces between two neighboring freely falling test
particles under gravity has been repeately stressed since the mid fifties. The importance of the geodesic deviation
equation (GDE) for spinless particles is studied by the authors [6],[7], and they certify its importance when we study
gravitational wave phenomena and their detection. The geodesic deviation equation (GDE) provides an elegant tool
to investigate the timelike, null and spacelike structure of spacetime geometries and the important Raychaudhuri
equation [8], the Mattig relation [9] and the Pirani equation[10] may be obtained by solving it. Recent observations of
the supernovae type Ia (SNe Ia) [11], the cosmic microwave background radiation (CMBR)[12], the baryon acoustic
oscillation (BAO) surveys [13], the large scale structure[14] and the weak lensing [15], clearly indicate that the Universe
is currently expanding with an accelerating rate. This accelerating expansion is one of the most important puzzles of
contemporary physics. As a consequence, all observations related to gravity should be described within a framework
including the cosmological constant in the Einstein field equation. Another way proposed to explain this acceleration
of the Universe, is to modify the Einstein Lagrangian i.e., modified gravity theory known as the generalization of the
Einstein field equations [16],[17]. Nowdays, within these extended theories we have one a class of modified gravity
theories in which the gravitational action contains a general function f(R, T ). This theory namely f(R, T ) modified
gravity, is a generalization of f(R) theory of gravity and several important results have been found in such theory
[18]-[21]. Because of the interesting results and the progress realized in this framework it seems there is still room
to study some motivating gravitational and cosmological aspects of f(R, T ) gravity which have not yet been studied.
The GDE has been studied in f(R) gravity theory [22],[23] and the f(T ) gravity [24], where R, T denote the curvature
scalar and the torsion scalar, respectively and to the key with excellent results. As these authors, the goal in this
paper is to extend the study of GDE in the metric context of f(R, T ) gravity to obtain the GR equivalent GDE of
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2f(R, T ) gravity and studying some particular cases.
II. BACKGROUND f(R, T ) COSMOLOGY
In this section we briefly review f(R, T ) gravity and we provide the background cosmological equations in a universe
governed by such a modified gravitational sector. The action for this theory coupled with matter Lagrangian Lm is
given by [18],
S =
∫ √−gdx4[ 1
2κ
f(R, T ) + Lm
]
, (1)
where f(R, T ) is an arbitrary function of the curvature scalar R, and of the trace T of the energy-momentum tensor,
respectively, and κ = 8πG, G being the gravitation constant.
We define the energy-momentum tensor associated to the matter as
Tµν = − 2√−g
δ (
√−gLm)
δgµν
, (2)
and its trace by T = gµνTµν . By assuming that the matter Lagrangian density Lm only depends on the components
of the metric tensor gµν , and not on its derivatives, we obtain
Tµν = gµνLm − 2∂Lm
∂gµν
. (3)
Within the metric formalism, varying the action (1) with respect to the metric, one obtains the following field
equations,
f ′(R)Rµν − 1
2
gµνf(R, T ) + (gµν2−∇µ∇ν)f ′(R) = κTµν − f ′(T )(Tµν +Θµν) , (4)
where f ′(R), f ′(T ) denote derivates of f(R, T ) with respect to the R, T respectively, 2 = gµν∇µ∇ν is the d’Alembert
operator,∇µ is the covariant derivative associated with the Levi-Civita connection of the metric tensor and Θµν is
determined by
Θµν ≡ gαβ δTαβ
δgµν
= −2Tµν + gµνLm − 2gαβ ∂
2Lm
∂gµν∂gαβ
. (5)
However in the present study, we assume that the whole content of the universe is a perfect fluid, and in this way, the
simple setting of the matter Lagrangian is taking Lm = −p. Then, with the use of Eq (5), we obtain for the variation
of stress-energy of perfect fluid, the following expression
Θµν = −2Tµν − pgµν . (6)
Thus the equation motion (4) becomes,
f ′(R)Rµν − 1
2
gµνf(R, T ) + (gµν2−∇µ∇ν)f ′(R) = κTµν + f ′(T )(Tµν + pgµν) . (7)
By contracting the last equation by gµν , we obtain the relation between the Ricci scalar R and the trace T of the
energy-momentum tensor
f ′(R)R− 2f(R, T ) + 32f ′(R) = κT + f ′(T )(T + 4p). (8)
From the equation (7), on write the Ricci tensor as
Rµν =
1
f ′(R)
=
[
κTµν +
1
2
gµν +Dµνf ′(R) + f ′(T )(Tµν + pgµν)
]
, (9)
where we defined the operator Dµν as,
Dµν = ∇µ∇ν − gµν. (10)
3We obtain also from the equation (8) the Ricci scalar defined as
R =
1
f ′(R)
[
κT + 2f(R, T )− 32f ′(R) + f ′(T )(T + 4p)
]
. (11)
The field equations (7) can be expressed as the Einstein field equations with an effective energy-momentum tensor
[26] in the form
Rµν − 1
2
Rgµν =
κTµν
f ′(R)
+
1
f ′(R)
[
1
2
gµν(f(R, T )−Rf ′(R)) +Dµνf ′(R) + f ′(T )(Tµν + pgµν)
]
,
=
κ
f ′(R)
(
Tµν + T
eff
µν
)
, (12)
where
T effµν =
1
k
[
1
2
gµν(f(R, T )−Rf ′(R)) + f ′(T )(Tµν + pgµν) +Dµνf ′(R)
]
, (13)
representing the effective energy-momentum tensor, which could be interpreted as the energy momentum tensor of
the curvature fluid.
Here we consider the homogeneous and isotropic flat Friedmann-Robertson-Walker (FLRW) metric, where the line
element is defined as
ds2 = −dt2 + a(t)2
[
dr2
1− kr2 + r
2dθ2 + r2 sin2 θdφ2
]
, (14)
being a(t) the scale factor and k the spatial curvature of the universe and the energy-momentum tensor of the matter
is given by
Tαβ = (ρ+ p)uαuβ + pgαβ , (15)
ρ and p denote the energy density and the pressure of fluid, respectively. The trace of the energy-momentum tensor
(15) is
T = 3p− ρ. (16)
Thus, the Ricci scalar in this background is given by [34]
R = +6
(
2H2 + H˙ +
κ
a2(t)
)
. (17)
III. GEODESIC DEVIATION EQUATION IN GR
We describe in this section a several notions about the Geodesic Deviation Equation in general relativity (GR). For
this purpose, we consider two neighbor geodesics C1 and C2 with an affine parameter ν on 2-surface S (see Fig.1). The
parametric equation of the surface is given by xα(ν, s) in which s is the labels geodesics. The vector field V α = dx
α
dν
is tangent to the geodesic. The family s has ηα = dx
α
ds
like it’s tangent vector field.
By first considering LV ηα=LηV α ([V, η]α = 0) which leads to ∇V∇V ηα = ∇V∇ηV α and so using ∇X∇Y Zα-
∇Y∇XZα- ∇[X,Y ]Zα= RαβγδZβXγY δ in which Y α = ηα and if we set Xα = Zα = V α, we obtain the promised
equation of geodesic deviation ie the acceleration for this vector field as follows [27]-[28]
D2ηα
Dν2
= −RαβγδV βηγV δ. (18)
In order to describe briefly the Geodesic Deviation Equation in General Relativity (GR), we take account the energy
momentum tensor in the form of a perfect fluid (15). In this way, we obtain the Einstein field equations in GR (with
cosmological constant)
Rαβ − 1
2
Rgαβ + Λgαβ = κTαβ. (19)
4Figure 1: Geodesic Deviation
From the Eq.(15), we found the Ricci scalar and Ricci tensor as follows
R = κ(ρ− 3p) + 4Λ, (20)
Rαβ = κ(ρ+ p)uαuβ +
1
2
[
κ(ρ− p) + 2Λ]gαβ . (21)
Using these expressions and the Riemann tensor expressed as follows [27]
Rαβγδ = Cαβγδ +
1
2
(
gαγRδβ − gαδRγβ + gβδRγα − gβγRδα
)− R
6
(
gαγgδβ − gαδgγβ
)
, (22)
where Cαβγδ is the Weyl tensor, the right hand side of GDE (18) is written as
RαβγδV
βηγV δ =
[
1
3
(κρ+ Λ)ǫ+
1
2
κ(ρ+ p)E2
]
ηα, (23)
where ǫ = V αVα and E = −Vαuα. Note that if ǫ = +1, 0,−1 the geodesics are spacelike, null or timelike,
respectively. This equation is known as Pirani equation[29]. Well known results of the Pirani equation including some
solutions for spacelike, timelike and null congruences have widely studied in [30]. In our study, we generalized these
results from the f(R, T ) metric formalism.
IV. GEODESIC DEVIATION EQUATION IN f(R, T ) GRAVITY
In order to obtain the Geodesic Deviation Equation in f(R, T ) gravity, we give firstly the expressions for the Ricci
tensor and the Ricci scalar (9) and (11) respectively. By employing the Riemann tensor (22), on gets
Rαβγδ = Cαβγδ +
1
2f ′(R)
[
κ(Tδβgαγ − Tγβgαδ + Tγαgβδ − Tδαgβγ) + f(R, T )
(
gαγgδβ − gαδgγβ
)
+
(
gαγDδβ−gαδDγβ+gβδDγα−gβγDδα
)
f ′(R)+f ′(T )
(
(Tδβ+pgδβ)gαγ−(Tγβ+pgγβ)gαδ+(Tγα+pgγα)gβδ−(Tδα+pgδα)gβγ
)]
− 1
6f ′(R)
(
κT + 2f(R, T )− 3f ′(R) + f ′(T )(T + 4p)
)(
gαγgδβ − gαδgγβ
)
. (24)
5By contracting the Riemann tensor with V βηγV δ after rising its first indice, Eq (24) becomes
RαβγδV
βηγV δ = CαβγδV
βηγV δ +
1
2f ′(R)
[
κ(Tδβδ
α
γ − Tγβδαδ + T αγ gβδ − T αδ gβγ) + f(R, T )
(
δαγ gδβ − δαδ gγβ
)
+
(
δαγDδβ − δαδ Dγβ + gβδD αγ − gβγD αδ
)
f ′(R)
+ f ′(T )
(
(Tδβ + pgδβ)δ
α
γ − (Tγβ + pgγβ)δαδ + (Tαγ + pδαγ )gβδ − (Tαδ + pδαδ )gβγ
)]
V βηγV δ
− 1
6f ′(R)
(
κT + 2f(R, T )− 3f ′(R) + f ′(T )(T + 4p)
)(
δαγ gδβ − δαδ gγβ
)
V βηγV δ. (25)
In the next section, we will use these results to obtain the GDE in GR equivalent of f(R, T ) gravity model using
FLRW metric. Naturally our results of this model will be acceptable provided that the f(R, T ) limit case.
A. Geodesic Deviation Equation for the FLRW universe
For homogeneous and isotropic spacetimes, the Weyl tensor Cαβγδ is identically zero and by using the FLRW metric
(14), the Ricci tensor (9) and the Ricci scalar (11) becomes
Rαβ =
1
f ′(R)
[(
κ+ f ′(T )
)
(ρ+ p)uαuβ +
(
κp+ 2pf ′(T ) +
f(R, T )
2
)
gαβ +Dαβf ′(R)
]
, (26)
R =
1
f ′(R)
[
κ(3p− ρ) + 2f(R, T )− 3f ′(R) + f ′(T )(7p− ρ)
]
. (27)
From the known expressions of the Ricci tensor and the Ricci scalar, we can evaluate the Riemann tensor as following
form
Rαβγδ =
1
2f ′(R)
[(
κ+ f ′(T )
)
(ρ+ p)
(
uδuβgαγ − uγuβgαδ + uγuαgβδ − uδuαgβγ
)
+
(
κp+
κρ
3
+
f(R, T )
3
+f ′(R)− 1
3
f ′(T )(7p− ρ)
)(
gαγgδβ − gαδgγβ
)
+(gαγDδβ − gαδDγβ + gβδDγα− gβγDδα)f ′(R)
+ 2pf ′(T )
(
gδβgαγ − gγβgαδ + gγαgβδ − gδαgβγ
)]
. (28)
The vector field normalization implies that V αVα = ǫ, and we have
RαβγδV
βV δ =
1
2f ′(R)
[(
κ+ f ′(T )
)
(ρ+ p)
(
gαγ(uβV
β)2 − 2(uβV β)V(αuγ) + ǫuαuγ
)
+
(
κp+
κρ
3
+
f(R, T )
3
+f ′(R)+
1
3
f ′(T )(5p+ρ)
)(
ǫgαγ−VαVγ
)
+(gαγDδβ−gαδDγβ+gβδDγα−gβγDδα)f ′(R)V βV δ
]
.
(29)
Contracting the last expression by ηγ after rising its first index, one gets
RαβγδV
βηγV δ =
1
2f ′(R)
[(
κ+ f ′(T )
)
(ρ+ p)
(
(uβV
β)2ηα − (uβV β)V α(uγηγ)− (uβV β)uα(Vγηγ) + ǫuαuγηγ
)
+
(
κp+
κρ
3
+
f(R, T )
3
+f ′(R)+
1
3
f ′(T )(5p+ρ)
)(
ǫηα−V α(Vγηγ)
)
+
[
(δαγDδβ−δαδ Dγβ+gβδD αγ −gβγD αδ )f ′(R)
]
V βV δηγ
]
.
(30)
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RαβγδV
βηγV δ =
1
2f ′(R)
[(
κ+ f ′(T )
)
(ρ+ p)E2 + ǫ
(
κp+
κρ
3
+
f(R, T )
3
+f ′(R) +
1
3
f ′(T )(5p+ ρ)
)]
ηα
+
1
2f ′(R)
[[
(δαγDδβ − δαδ Dγβ + gβδD αγ − gβγD αδ )f ′(R)
]
V βV δ
]
ηγ . (31)
In the FLRW case, the covariant derivatives are
∇0∇0f ′(R) = f ′′(R)R¨ + f ′′′(R)R˙2,∇i∇jf ′(R) = −Hgijf ′′(R)R˙, f ′(R) = −f ′′(R)(R¨ + 3HR˙)− f ′′′(R)R˙2. (32)
where we have used the definition for the Hubble parameter H ≡ a˙
a
and R˙ = ∂0R. Within the definition of the
operator (10) and using these results (32), the last term of the expression (31) gives after cumbersome calculations(
δαγDδβ − δαδ Dγβ + gβδD αγ − gβγD αδ
)
f ′(R)V βV δηγ = ǫ
(
5Hf ′′(R)R˙ + f ′′(R)R¨+ f ′′′(R)R˙2
)
ηα. (33)
Consequently RαβγδV
βηγV δ reduces to
RαβγδV
βηγV δ =
1
2f ′(R)
[(
κ+ f ′(T )
)
(ρ+ p)E2 + ǫ
(
κp+
κρ
3
+
f(R, T )
3
+
1
3
f ′(T )(5p+ ρ) + 2Hf ′′(R)R˙
)]
ηα. (34)
This equation is the generalization of the Pirani equation for the f(R, T ) metric formalism. Note that when f(R, T ) =
R− 2Λ ie GR case with cosmological constant (Λ), Eq.(34) leads to (23).
Finally, we can write the GDE in f(R, T ) gravity as the following form
D2ηα
Dν2
= − 1
2f ′(R)
[(
κ+ f ′(T )
)
(ρ+ p)E2 + ǫ
(
κp+
κρ
3
+
f(R, T )
3
+
1
3
f ′(T )(5p+ ρ) + 2Hf ′′(R)R˙
)]
ηα. (35)
We observe that the GDE in the FLRW case induces only a change in the magnitude of the deviation vector ηα and
reflects spatial isotropy of space-time. Whereas in anisotropic universes, like Bianchi I, the GDE also induces a change
in the direction of the deviation vector, as indicated in [31]
B. GDE for fundamental observers with FLRW background
For the description case of the GDE for fundamental observes with FLRW background, we interpret V α as the
four-velocity of the fluid uα and the the affine parameter ν coincides with the proper time of the central fundamental
observer, ie ν = t. with ǫ = −1 (timelike geodesics) and also the vector field are normalized E = 1 , thus from (34)
one gets,
Rαβγδu
βηγuδ =
1
2f ′(R)
[
2
3
ρ
(
κ+ f ′(T )
)− 2
3
pf ′(T )− f(R, T )
3
− 2Hf ′′(R)R˙
]
ηα. (36)
Let the deviation vector be ηα = ℓeα where eα is parallel propagated along t, isotropy implies
Deα
Dt
= 0, (37)
and
D2ηα
Dt2
=
d2ℓ
dt2
eα. (38)
Putting these results in the GDE (18) and (36), on gets
d2ℓ
dt2
= − 1
2f ′(R)
[
2
3
ρ
(
κ+ f ′(T )
)− f(R, T )
3
− 2
3
pf ′(T )− 2Hf ′′(R)R˙
]
ℓ. (39)
7If we consider the particular case where ℓ = a(t), we have
a¨
a
=
1
f ′(R)
[
f(R, T )
6
+
1
3
pf ′(T ) +Hf ′′(R)R˙− 1
3
ρ
(
κ+ f ′(T )
)]
. (40)
This equation is a particular case of the generalized Raychaudhuri equation given in [32]. We mention here that with
the standard forms of the modified Friedmann equations in f(R, T ) gravity model for flat universe [33], the above
generalized Raychaudhuri equation can be obtained. These equations are written as follows
H2 +
k
a2
=
1
3f ′(R)
[
κρ+
(
Rf ′(R)− f(R, T ))
2
+ f ′(T )(ρ+ p)− 3Hf ′′(R)R˙
]
, (41)
and
2H˙ + 3H2 +
k
a2
= − 1
f ′(R)
[
κp+ 2Hf ′′(R)R˙+
(
f(R, T )−Rf ′(R))
2
− pf ′(T ) + f ′′(R)R¨ + f ′′′(R)R˙2
]
. (42)
C. GDE for nulll vector fields with FLRW background
Let us now restrict our investigation to the GDE for null vector fields past directed , in this case V α = kα with
kαk
α = 0 and consequently ǫ = 0. The generalized pirani Equation (34) then reduces to
Rαβγδk
βηγkδ =
1
2f ′(R)
(
κ+ f ′(T )
)
(ρ+ p)E2 ηα. (43)
This equation can be interpreted as the Ricci focusing in f(R, T ) gravity. Let us now consider ηα = ηeα, eαe
α = 1,
eαu
α = eαk
α = 0 and using a basis which is both parallel propagated and aligned, ie De
α
Dν
= kβ∇βeα = 0, we obtain
from the Eq. (35), the GDE for null vector as the following form
d2η
dν2
= − 1
2f ′(R)
(
κ+ f ′(T )
)
(ρ+ p)E2 η, (44)
which expresses the focusing of all families of past directed geodesics provided that (ρtotal + ptotal) > 0 is satisfied.
At this stage the usual GR result discussed in [30] is recovered if we have κ(ρ + p) > 0, and that a cosmological
constant term in the gravitational Lagrangian with equation of state p = −ρ does not affect the focusing of null of
null geodesics [5]. In the same way we deduct from Eq.(44), the focusing condition for f(R, T ) gravity given by(
κ+ f ′(T )
)
(ρ+ p)
f ′(R)
> 0. (45)
Eq.(44) can be evaluated in function of the redshift parameter z. To do so, we write
d
dν
=
dz
dν
d
dz
, (46)
which results in
d2
dν2
=
dz
dν
d
dz
(
d
dν
)
,
=
(
dν
dz
)−2[
−
(
dν
dz
)−1
d2ν
dz2
d
dz
+
d2
dz2
]
. (47)
Let us consider the null geodesics for which we have
(1 + z) =
a0
a
=
E
E0
−→ dz
1 + z
= −da
a
. (48)
By choosing the present value of the scalar factor (a0 = 1), we gets for the past directed case
dz = (1 + z)
1
a
da
dν
dν = (1 + z)
a˙
a
E dν = E0H(1 + z)
2 dν, (49)
8which leads to
dν
dz
=
1
E0H(1 + z)2
. (50)
The second derivative of this expression gives
d2ν
dz2
= − 1
E0H(1 + z)3
[
1
H
(1 + z)
dH
dz
+ 2
]
, (51)
where
dH
dz
=
dν
dz
dt
dν
dH
dt
= − 1
H(1 + z)
dH
dt
, (52)
and we notice that we also used dt
dν
= E0(1 + z). From the definition of the Hubble parameter H =
a˙
a
, on gets
H˙ =
a¨
a
−H2, (53)
Putting the expression (40) in (53), we have
H˙ =
1
f ′(R)
[
f(R, T )
6
+Hf ′′(R)R˙ − κρ
3
+
1
3
f ′(T )(p− ρ)
]
−H2, (54)
then
d2ν
dz2
= − 3
E0H(1 + z)3
[
1 +
1
3H2f ′(R)
(
κρ
3
− f(R, T )
6
− f
′(T )
3
(p− ρ)−Hf ′′(R)R˙
)]
. (55)
By substituting Eq.(55) in (47), the operator d
2η
dν2
leads to
d2η
dν2
=
(
EH(1 + z)
)2[d2η
dz2
+
3
(1 + z)
[
1 +
1
3H2f ′(R)
(
κρ
3
− f(R, T )
6
− f
′(T )
3
(p− ρ)−Hf ′′(R)R˙
)]
dη
dz
]
. (56)
Finally the GDE (44) for null vector fields in f(R, T ) gravity takes the following form
d2η
dz2
+
3
(1 + z)
[
1 +
1
3H2f ′(R)
(
κρ
3
− f(R, T )
6
− f
′(T )
3
(p− ρ)−Hf ′′(R)R˙
)]
dη
dz
+
(
κ+ f ′(T )
)
(ρ+ p)
2H2(1 + z)2f ′(R)
η = 0. (57)
If we suppose that the content of the universe is the ordinary matter (dust) and the radiation, the energy density ρ
and the pressure p could be written as
κρ = 3H20Ωm0(1 + z)
3 + 3H20Ωr0(1 + z)
4, κp = H20Ωr0(1 + z)
4, (58)
where we have used pm = 0 and pr =
1
3ρr. From the Eq.(41), H
2 gives
H2 =
1
f ′(R)
[
H20Ωm0(1 + z)
3
(
1 + f ′(T )
)
+H20Ωr0(1 + z)
4
(
1 +
4f ′(T )
3
)
+
(
Rf ′(R)− f(R, T ))
6
−Hf ′′(R)R˙
]
− k
a2
,
=
H20
f ′(R)
[
Ωm0(1 + z)
3 +Ωr0(1 + z)
4 +ΩDE +Ωk(1 + z)
2f ′(R)
]
, (59)
where the Dark Energy parameter ΩDE is
ΩDE =
1
H20
[(
Rf ′(R)− f(R, T ))
6
−Hf ′′(R)R˙+H02f ′(T )
(
Ωm0(1 + z)
3 +
4
3
Ωr0(1 + z)
4
)]
. (60)
By using the Eqs.(58) and (59), the GDE for null vector field takes the following form
d2η
dz2
+ P1(H,R, z)dη
dz
+Q1(H,R, z)η = 0, (61)
9where
P1(H,R, z) =
4Ωm0(1 + z)
3 + 4Ωr0(1 + z)
4 + 3f ′(R)Ωk0(1 + z)
2 + 4ΩDE − 109 Ωr0(1 + z)4f ′(T )− Rf
′(R)
6H2
0
(1 + z)
(
Ωm0(1 + z)3 +Ωr0(1 + z)4 + f ′(R)Ωk0(1 + z)2 +ΩDE
) , (62)
Q1(H,R, z) =
(
3Ωm0(1 + z) + 4Ωr0(1 + z)
2
)(
1 + f ′(T )
)
2
(
Ωm0(1 + z)3 +Ωr0(1 + z)4 + f ′(R)Ωk0(1 + z)2 +ΩDE
) . (63)
and
Ωk0 = − k
H20a
2
0
. (64)
Eq.(61) is difficult to solve analytically. In order to solve its, it is possible to rewrite as a differential equation
containing only the unknown H(Z) and f(z) and their derivatives with respect to z. This method have been widely
developed in [34]-[35]. For this we fix H = H(z), and we express the Ricci scalar R and the trace T of energy
momentum tensor as
R = 6
[
2H2 − (1 + z)HdH
dz
+ k(1 + z)2
]
, (65)
T = 3p− ρ
=
3H20
κ
Ωm0(1 + z)
3
. (66)
To examine these results with GR, we may consider the limit case f(R, T ) = R − 2Λ. For this choice we have,
f ′(R) = 1, f ′′(R) = 0, f(T ) = −2Λ , f ′(T ) = 0. Then the expression for ΩDE reduces to
ΩDE =
1
H20
[
(R−R+ 2Λ)
6
]
=
Λ
3H20
≡ ΩΛ. (67)
The first Friedmann modified equation (59) reduces to the well known expression in GR.
H2 = H20
[
Ωm0(1 + z)
3 +Ωr0(1 + z)
4 +ΩΛ +Ωk(1 + z)
2
]
, (68)
and the expressions P1 (62), Q1 (63) takes the following forms
P1(z) = 4Ωr0(1 + z)
4 + (7/2)Ωm0(1 + z)
3 + 3Ωk0(1 + z)
2 + 2ΩΛ
(1 + z)
(
Ωr0(1 + z)4 +Ωm0(1 + z)3 +Ωk0(1 + z)2 +ΩΛ
) , (69)
Q1(z) = 2Ωr0(1 + z)
2 + (3/2)Ωm0(1 + z)
Ωr0(1 + z)4 +Ωm0(1 + z)3 +Ωk0(1 + z)2 +ΩΛ
. (70)
Then, in GR the GDE for null vector fields with FLRW background is
d2η
dz2
+
4Ωr0(1 + z)
4 + (7/2)Ωm0(1 + z)
3 + 3Ωk0(1 + z)
2 + 2ΩΛ
(1 + z)
(
Ωr0(1 + z)4 +Ωm0(1 + z)3 +Ωk0(1 + z)2 +ΩΛ
) dη
dz
+
2Ωr0(1 + z)
2 + (3/2)Ωm0(1 + z)
Ωr0(1 + z)4 +Ωm0(1 + z)3 +Ωk0(1 + z)2 +ΩΛ
η = 0. (71)
Notice that when we fix ΩΛ = 0 which leads to Ωm0 + Ωr0 +Ωk0 = 1, we obtain the mattig relation in GR given by
[36]
d2η
dz2
+
6 + Ωm0(1 + 7z) + Ωr0(1 + 8z + 4z
2)
2(1 + z)(1 + Ωm0z +Ωr0z(2 + z))
dη
dz
+
3Ωm0 + 4Ωr0(1 + z)
2(1 + z)(1 + Ωm0z +Ωr0z(2 + z))
η = 0. (72)
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Equation (61) could be interpreted as a generalization of the Mattig relation in f(R, T ) gravity.
Within the explicit form for the deviation vector of a (past-directed) geodesic null congruence given by this equation,
we are now in a position to easily infer an expression for the observer area distance r0(z) [36],
r0(z) =
√√√√∣∣∣∣∣dA0(z)dΩ
∣∣∣∣∣ =
∣∣∣∣∣ η(z
′) | z′ = z
dη(z′)/dl | z′ = 0
∣∣∣∣∣
(73)
whereA0 is the area of the object and also Ω is the solid angle. We have used the fact that d/dl = E0
−1(1 + z)
−1
d/dν =
H(1 + z)d/dz and choosing the deviation to be zero at z = 0. Thus we gets
r0(z) =
∣∣∣∣∣ η(z)H(0)dη(z′)/dz′ | z′ = 0
∣∣∣∣∣ , (74)
being H(0) the modified Friedmann equation (59) at z = 0. Analytical expression for the observable area distance for
GR with no cosmological constant can be found in [5, 8, 9], whereas for more general scenarios numerical integration
is usually required. In the next section, the numerical analysis also will be performed in order to find the deviation
vector η(z) and observer area distance r0(z) and compare the results have been found in f(R, T ) Jordan frame with
those ΛCDM model.
D. Numerically solution of GDE for null vector fields in f(R, T ) gravity
To solve numerically the null vector GDE in f(R, T ) gravity, we concentrate one particular model of f(R, T ) gravity,
namely R+f(T ), where f(T ) = α1T
β1 ; α1 and β1 =
1+3w
2(1+w) being constant. The dynamics and stability of this model
are studied and interesting results have been found in [25]. Thus for this model, the equations (60), (62, (63) can be
rewritten as follow
ΩDE =
1
H20
[
−α1T
β1
6
+H0
2α1β1T
β1−1
(
Ωm0(1 + z)
3 +
4
3
Ωr0(1 + z)
4
)]
, (75)
P1(H,R, z) =
4Ωm0(1 + z)
3 + 4Ωr0(1 + z)
4 + 3Ωk0(1 + z)
2 + 4ΩDE − 109 α1β1Ωr0(1 + z)4T (β1−1) − R6H2
0
(1 + z)
(
Ωm0(1 + z)3 +Ωr0(1 + z)4 +Ωk0(1 + z)2 +ΩDE
) , (76)
Q1(H,R, z) =
(
3Ωm0(1 + z) + 4Ωr0(1 + z)
2
)(
1 + α1β1T
(β1−1)
)
2
(
Ωm0(1 + z)3 +Ωr0(1 + z)4 +Ωk0(1 + z)2 +ΩDE
) . (77)
In each panel of fig2, we observe that the evolution of the deviation η(z) and observer area distance r0(z) are similar
behavior to those of ΛCDM . Within the model f(R, T ) = R+ α1T
β1, we see as the α1 increases (α1 > 1) and when
one goes to the highest values of the redshifts (z > 0.8), the deviation η(z) and observer area distance r0(z) decouple
each of the model ΛCDM but still keeps the same pace, while for the low values of the redshifts ie for the current
day, the f(R, T ) model reproduce exactely ΛCDM . We can conclude that for all the cases considered the results are
similar to ΛCDM , which means that the above model f(R, T ) considered remain phenomenologically viable and can
be tested with observational data.
V. CONCLUSION
In this paper, we have presented the Geodesic Deviation Equation (GDE) in the metric formalism of f(R, T ) theories.
The calculations of the Ricci scalar and the Riemann tensor have been done firtly by using the f(R, T ) fields gravity
equations. The Geodesic Deviation Equation and the generalization of the pirani equation for the FLRW universe in
f(R, T ) gravity is investigated and both these equations reduces to the well known relation when f(R, T ) = R− 2Λ.
We focused our attention on two particular cases, the GDE for fundamental observes and the past directed null vector
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Figure 2: The graphs shows the deviation vector magnitude η(z) (left panel) and observer area distance r0(z) (right
panel) for null vector field GDE with FLRW background as functions of redshift. The graphs are plotted for
H0 = 80Km/s/Mpc, Ωm0 = 0.3, Ωr0 = Ωk0 = 0, Λ = 1.7.10
−121 and we imposed in equation (61) the initial
conditions η(z = 0) = 0 and η′(z = 0) = 1.
fields with FLRW universe. Within these cases we have obtained the Raychaudhuri equation, the generalized Mattig
relation and the diametric angular distance differential for f(R, T ) gravity theory. Furthermore, in the similar way
to the GR, the focusing for past-directed null geodesics condition for f(R, T ) gravity is be done. Numerically results
of the geodesic deviation η(z) and observer area distance r0(z) for the f(R, T ) model where compared with those of
the ΛCDM model. We have also obtained the geodesic deviation η(z) and the area distance r0(z) corresponding to
the f(R, T ) model and compared them with those of CDM model.
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